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Reciprocity between the power scattered by nested metamaterial shells and the power radiated by an antenna
centered within those nested shells has been investigated. Resonant scattering caused by an incident, funda-
mental transverse-magnetic mode was found to be reciprocal to the power resonantly radiated by an electrically
small electric dipole for a variety of configurations. These findings indicate that the power radiated by an
electrically small antenna and scattered by an electrically small object can be significantly increased through
the use of realizable metamaterials.
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Consider an electrically small electric dipole of length �
that is driven by the current I0 at the frequency f0 corre-
sponding to the wavelength �=1/ �f0

���� ���� and that is em-
bedded in a double-positive �DPS� medium, where the per-
mittivity ��0 and the permeability ��0 so that the wave
number k=������0 and the wave impedance �=�� /��
�0. It produces the complex power at the radius r given
by �1�

P = �
S
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2
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�kr�3�
= Prad + jPreac �1�

�using the engineering convention for time-harmonic signals:
exp�+j�t��. The �well-known� capacitive reactive power
component in Eq. �1� is very large near the antenna and
severely limits its efficiency as a radiator, i.e., the reactance
ratio Preac / Prad
1 for kr�1 indicating that the radiated
power is much smaller than the reactive power for electri-
cally small radiators. The dipole’s reactive power is domi-
nated by the electric field energy, i.e., Preac=��Wm−We�
where We and Wm are the corresponding time averaged elec-
tric and magnetic field energies. This work was instigated
when we noticed that this capacitive reactance becomes an
inductive reactance when the same antenna is embedded in a
double-negative �DNG� medium, i.e., in a medium whose
permittivity and permeability are negative, ��0 and ��0
so that the wave number k=�����=−����������0 while
the wave impedance �=�� /��=���� /�����0 �2�. Basically,
the negative permittivity loading the capacitor makes it act as
an inductor. This behavior suggested a possible means of
resonantly matching these capacitive and inductive behav-
iors. Consequently, we have investigated the possibility of
naturally matching an electrically small electric dipole an-

tenna to free space by surrounding it with a hollow DNG
shell.

We have demonstrated with analytical and numerical in-
vestigations �3� that the capacitance exhibited by an electri-
cally small electric dipole in free space can be matched by
the inductance of a surrounding lossless DNG shell, creating
an effective LC resonator configuration which significantly
increases the real power radiated by the dipole with a corre-
sponding decrease in the total reactance ratio. In particular,
the three-region �two nested sphere� geometry used in the
majority of our investigations is shown in Fig. 1. The dipole
is located along the vertical z axis in the center of the nested
spheres. Relations for the electric and magnetic vector poten-
tials, and for the resulting electric and magnetic fields, were
obtained in a straightforward manner for each region. The
unknown coefficients in those relations were found by apply-
ing the appropriate electromagnetic boundary conditions,
that is, by making the tangential fields, E and H�, continu-
ous across each shell interface. The resulting equations, pre-
sented in our previous work �3�, were straightforward to ob-
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FIG. 1. �Color online� The three-region �two nested sphere� ge-
ometries used to investigate the reciprocity of the scattering �upper�
and source �lower� problems. For both cases, region 1 is given by
�1 ,�1 for r�r1; region 2 has �2 ,�2 for r1�r�r2; and region 3 has
�3 ,�3 for r2�r. The direction of propagation �D.O.P.� of the wave
leaving the source and incident on the receiver is shown.
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tain and solve numerically. They were generalized here to
include passive losses in the medium parameters, i.e., we let
�=�r�0− j�� and �=�r�0− j�� where �r ,�r�0 and �� ,��
�0. We embedded an electrically small dipole �=100 �m
=�0 /300 driven at f0=10 GHz �free space wavelength �0
=3.0 cm� in a small sphere of free space �DPS� material with
a radius of r1=100 �m, which in turn was surrounded by a
DNG shell of outer radius r2 with the permittivity and per-
meability values: ��2r ,�2r�= �−3,−3�, and equal electric and
magnetic loss tangents, LT=�� / ��r��0=�� / ��r��0, set to the
fixed values LT=0, 0.00001, 0.0001, and 0.001. The external
region, r�r2, was assumed to be free space.

The radiated power gain was obtained, i.e., the ratio

RPgain = Prad,with shell � Prad,without shell, �2�

where the power radiated by the �=100 �m dipole in the
presence of the DNG shell system, Prad,with shell, was normal-
ized by the power radiated by a reference dipole in free
space, Prad,without shell, whose length �ref is equal to the diam-
eter of the outer sphere of the DNG shell that produces the
maximum radiated power. Because the dipole antennas in
both cases were ideal, the same 1.0 A driving current was
assumed in both cases. These radiated power gain results are
plotted as a function of the DNG shell’s outer radius in Fig.
2. As reported previously, the maximum in the lossless case
occurs at r2,max=185.8 �m and, hence, �ref =371.6 �m
�0 /81. The fact that the optimum configuration produces a
resonant enhancement of the power radiated despite the fact
that it is much smaller than a free space wavelength �r2,max

�0 /161� is surprising. It occurs because the electrically
small elements, the dipole, and the DNG shell, form a natu-
rally resonant system. The occurrence of this natural mode
was confirmed mathematically by demonstrating that the de-
terminant of the solution system approaches zero for these
material and geometry parameters. Because the enhanced ra-
diated power gain occurs when the dipole and DNG shell
interactions are resonant, the losses simply reduce the peak

of the response and cause a broadening of the resonance
region. They do not make the effect disappear. The contour
plot of the magnitude of the real part of the magnetic field
distribution for the DNG shell with r1=100 �m and r2
=185.8 �m given in Fig. 3 illustrates the natural mode that is
excited by the dipole.

As shown in �4�, an electrically small dipole radiating into
free space can be described by a classic C-L transmission
line �terminated with the free space impedance� that acts as a
high pass filter. As a result, it is poorly matched to free space
yielding little radiated power while creating a large reactive
near field. In essence, the dipole field sheds most of its power
in its near field region as it tunnels through a large potential
barrier. As shown in �3�, the DNG shell introduces a dual
L-C transmission line, i.e., a low pass filter, which can be
resonantly matched to the original line. The DNG shell sig-
nificantly reduces the potential barrier allowing a resonant
coupling of the power into the far field.

The very small radiation resistance of the free space in-
finitesimal dipole is well-known from Eq. �1� and is
Rrad,free space=2��	 /3��� /�0�280	2�� /�0�2=0.0088 � for
the DNG shell case. It is a common descriptor of the poor
radiated power characteristics of such an electrically small
dipole in free space. Because the dipole in the DNG shell and
the reference free space dipole are both treated as ideal and
both are driven with the same current value, the resonant
radiated power gain observed in Fig. 2 is equivalent to the
resonant increase in the effective radiation resistance of the
dipole-DNG shell system. On the other hand, the ideal nature
of these dipoles also means that their corresponding radiation
efficiencies, i.e., the ratio of the power radiated to the power
input from a real source, cannot be calculated with their ana-
lytical models. Recent numerical studies with commercial
software that includes the circuit elements used to drive a
realistic dipole antenna and, hence, its input and accepted
powers, have been performed to calculate the power radiated
by a dipole-DNG shell system and by the same dipole in free
space and will be reported elsewhere. They show, as sug-
gested by the results given here, that an electrically small
dipole-DNG shell system can be designed to be resonant and
matched to a power source and thus produce a resonant in-
crease in the radiation efficiency over that of the antenna
alone in free space.

Recent work by Alú and Engheta has shown a direct cor-
relation between the behavior of nested DPS-DNG and
nested epsilon-negative �ENG�-mu-negative �MNG� systems
�5� and has additionally demonstrated resonant scattering
from nested metamaterial shells �6�, including various com-
binations of DPS, DNG, ENG, and MNG shells. Their find-
ings led us to investigate the possibility of reciprocity be-
tween the radiation and scattering resonances for a variety of
nested metamaterial shells. Should reciprocity be observed,
we then hypothesized that the single-negative �SNG� nested
sphere geometries, composed of various combinations of
ENG and MNG metamaterial shells and found to support
these lowest order transverse-magnetic �TM� �dipole� scatter-
ing resonances, would also maximize the power radiated by
an electrically small electric dipole. We thus anticipated that
the electrically small electric dipole could be matched with a
nested set of MNG-ENG shells—or even a single ENG

FIG. 2. �Color online� The radiated power gain for an electri-
cally small electric dipole antenna located at the center of various
lossless and lossy DNG shells with inner radius r1=100 �m.
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shell—in place of the DNG shell used previously. The pos-
sibility of matching an electrically small antenna with an
ENG material alone is especially appealing, since ENG me-
dia are found in nature �e.g., cold electron plasmas and other
Drude systems� and have been manufactured artificially for
many years, e.g., the bed-of-nails or wire medium �7�.

The reciprocal scattering problem is also shown in Fig. 1.
The source and receiver have been interchanged. A plane
wave polarized along the x direction is incident from infinity
along the –z axis onto the nested two-sphere configuration.
However, because the nested spheres are electrically small,
only the transverse magnetic with respect to the r direction
TMr�n=1,m=1� mode �mode number n for the polar angle
, m for the azimuthal angle �� of this plane wave causes
any significant response and was used in the calculations
below. The scattering can thus be viewed in terms of an
induced dipole oriented along the x axis and centered at the
origin. This mode also provided the best standard analytical
match to the above z-oriented electrically small electric di-
pole analysis, which corresponds to radiation of the TMr�n
=1,m=0� mode. The nested spheres in the scattering case
are treated as the receiver, the received signal being repre-
sented by the energy captured by the interior DPS sphere.
From reciprocity one would expect that there will be a large
scattered field only if the energy captured by the nested
spheres resonantly drives the induced dipole.

The electric and magnetic field relations for the three-
region scattering geometry and the corresponding derived
scattering parameters were obtained and calculated. The
simulator was validated using well-known cases, including
dielectric Mie scattering from each shell interface with a
DPS interior; its output was also compared to data provided
by Alú and Engheta �8�. The DPS-DNG systems were then
analyzed numerically for scattering resonances.

The energy received and stored in the inner DPS sphere as
a result of an incident 10 GHz TMr�n=1,m=1� wave scat-

tering from the lossless nested DPS-DNG r1=100 �m con-
figuration used in the source problem is shown in Fig. 4,
plotted as a function of the DNG shell’s outer radius. The
energy stored in the inner free space �DPS� sphere when it is
surrounded by the DNG shell is normalized relative to the
energy that would be stored in a free space sphere whose
radius equals the outer radius of the resonant DNG shell,
r2,max. The peak in the normalized stored energy for the
��2 ,�2�= �−3.0�0 ,−3.0�0� case occurs at r2,max=185.8 �m
�0 /161, the same radius at which the source problem ra-
diated power gain was maximized. The determinant of the
TMr�n=1,m=1� scattering coefficient matrix produces a
sharp minimum at this radius, indicating the presence of a
natural mode. The ratio r2,max/r1 agrees with the value pre-
dicted by the resonant scattering expression given in �6�,
obtained from a quasistatic �kri�1, i=1,2� approximation
of the scattering matrices. When considering the energy
stored in the real and imaginary components of the electric
and magnetic fields within the inner sphere, it was found that
the energy stored in the real part of the magnetic field goes to
a local maximum while the energy stored in the real part of
the electric field goes to local minimum for the resonant
geometry. Put another way, the magnetic fields in the DPS-
DNG scattering system become completely real at the reso-
nant configuration, while the electric fields become com-
pletely imaginary. The same behavior is exhibited in the
DNG shell. This indicates that the resonant DPS-DNG sys-
tem is behaving as a TM resonator with matched capacitance
and inductance. The magnitude of the real part of the mag-
netic field distribution generated for this case is shown in
Fig. 5. Clearly, the same natural mode of the nested sphere
system found in the source problem was excited in the scat-
tering problem. Reciprocity of the source and scattering
problems in the presence of the DNG shell is thus estab-
lished.

To further emphasize this reciprocity, the total scattering
cross section data for the TMr�n=1,m=1� excitation

FIG. 3. �Color online� Contour plot of the magnitude of the real
part of the magnetic field distribution produced by the resonant
electric dipole—lossless DNG shell system.

FIG. 4. �Color online� The gain of the energy stored in the inner
sphere when the TMr�n=1,m=1� mode scatters from various loss-
less DNG shells with inner radius r1=100 �m.
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�3�

normalized to the unity cross section for this exciting mode
�i.e., to the total scattering cross section with the scattering
coefficient being one, �unity=6	 /k0

2=3�0
2 /2	, which is equal

to the resonant short circuit scattering cross section of a very
short dipole antenna �9�� is given in Fig. 6. It also exhibits a
resonant enhancement for the same geometry. In fact the
dipole scattering coefficient goes to one at the critical radius,
r2,max�0 /161, for the ��2 ,�2�= �−3.0�0 ,−3.0�0� case,
again despite the extremely small size of the scatterer. The

incident wave induces a dipole moment over the inner DPS
sphere which then reradiates as an electrically small antenna.
A resonant response results from the presence of the induc-
tive DNG shell that matches this capacitive element to free
space.

The �detector� energy and the total scattering cross section
for the r1=100 �m DNG shell configurations with ��2 ,�2�
= �−2.9�0 ,−2.9�0� and ��2 ,�2�= �−3.1�0 ,−3.1�0� are also
given, respectively, in Figs. 4 and 6 for comparison. The
nested sphere configuration is resonant for a smaller outer
shell radius when the index of refraction of the shell is more
negative. Reciprocity between these and the corresponding
dipole source results has been verified.

Along with the DPS-DNG analyses, source and scattering
resonances were analyzed for a wide variety of DPS-SNG
and MNG-ENG systems. They were also studied for related
four region �three nested sphere� configurations, e.g., for
a nested DPS-MNG-ENG configuration. For example,
several source and scattering resonances for configu-
rations with similar sizes and material parameters as the
“supergain” case presented above were observed, includ-
ing: �1� inner MNG sphere with ��r ,�r�= �1,−1� and radius
r1=100.0 �m, and surrounding ENG shell with ��r ,�r�
= �−3,3� and r2=185.8 �m; �2� inner DPS, free space
sphere with radius r1=99.9 �m, and surrounding ENG shell
with ��r ,�r�= �−3,1� and r2=185.8 �m; and �3� an example
four-region case with an inner DPS, free space sphere with
radius r1=100.0 �m, surrounding MNG shell with ��r ,�r�
= �1,−5� and r2=133.9 �m, and outer ENG shell with
��r ,�r�= �−5,1� and r3=185.8 �m.

The DPS-ENG case is of particular interest due to the
possibility of manufacturing a DPS-ENG system while
still exploiting the resonance properties emphasized by the
DPS-DNG source and scattering cases. In particular, the fact
that the shell must be inductive to achieve a resonant match
with an electrically small dipole antenna infers that an ENG
shell should be adequate to achieve similar results, i.e., be-
cause the shell is electrically small, it will also respond as a
small capacitive element but contain a negative permittivity
and, hence, it will effectively act as an inductive element.
With a dipole of length �=100 �m in free space surrounded
by a lossless ENG shell with inner radius r1=100 �m and
material properties ��r ,�r�= �−3.0,1�, the radiated power
gain as a function of the outer radius is shown in Fig. 7. The
resonant peak occurs at r2,max=185.9 �m. The resonant be-
havior for lossless ENG shells with material properties
��r ,�r�= �−2.9,1� and ��r ,�r�= �−3.1,1� are also shown in
Fig. 7 for comparison. The radiated power gain for all of
these systems is comparable in magnitude to that of the
dipole-lossless DNG shell case shown in Fig. 2. Plots of the
electric and magnetic field distributions for the resonant
dipole-ENG shell system show the same resonance behavior
illustrated in Fig. 3.

Because a shell with a thickness of 85.9 �m would be
very challenging to fabricate even with an ENG wire me-
dium or some other currently known inductively loaded pe-
riodic metamaterial at 10 GHz, similar results have been
considered at much lower frequencies. They indicate that an
ENG shell may indeed provide a practical alternative to a

FIG. 5. �Color online� Contour plot of the magnitude of the real
part of the magnetic field distribution produced when the TMr�n
=1,m=1� mode is scattered from the resonant lossless DNG shell
system.

FIG. 6. �Color online� The normalized total scattering cross sec-
tion when the TMr�n=1,m=1� mode scatters from various lossless
DNG shells with inner radius r1=100 �m.
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DNG shell for purposes of resonantly matching an electri-
cally small TMr-producing antenna to free space. Cases have
also been considered to show similar enhancements for an
electrically small loop antenna �magnetic dipole� surrounded
by an MNG shell. Both the electric and magnetic dipole
configurations may have potential sensor applications as
well.

We note that past literature on antennas radiating in the
presence of dielectric and plasma coatings further supports
the results reported here. For instance, analyses of the behav-
ior of dipole antennas surrounded by dielectric and plasma
shells and centered in dielectric spheres were considered in
�10–14�. Expressions in �14� for the fields radiated by an
electrically small dipole in a dielectric sphere exhibit reci-
procity with the well-known Rayleigh scattering results for
electrically small dielectric spheres, particularly for an ENG
medium having the permittivity �r=−2, as would occur with
plasmonic resonances in the optical regime. A plasma coated
hemispherical dipole was shown to have a radiated power

enhancement in �15�. Experimental results showing en-
hanced radiated power from an electrically small antenna
that is completely surrounded by a plasma of finite size and
is driven at frequencies below the plasma frequency were
reported in �16�. Scattering from nested spheres was re-
viewed in �17�; the backscattering cross-section expression
for an ENG shell in the electrically small limit exhibits a
resonance at a radius ratio that agrees approximately with the
results given in �6� and here.

The resonant enhancement of the power radiated by an
electrically small electric dipole when it is surrounded by a
properly designed DNG shell was found to correlate with the
scattering enhancements produced by the same DPS-DNG
shell configuration. These resonant enhancements occurred
even though the sizes of these configurations were very small
compared to the radiation wavelength. Fundamental TM
scattering resonances, which were observed for various
nested MNG-ENG and DPS-ENG configurations, were addi-
tionally found to correlate with resonances in the radiated
power produced by an electrically small electric dipole cen-
tered within those systems. The DPS-ENG results were of
particular interest, due to the known possibility of manufac-
turing ENG materials. They produced radiated and scattered
power gains of the same order of magnitude as the DNG-
based systems. Future work will focus on developing an ap-
proach for determining the “best” DNG and ENG metama-
terials to achieve the spherical shell configuration, given the
specific material and size constraints. To demonstrate that
metamaterial-based configurations can significantly increase
an antenna’s radiated power, experimental designs to realize
the predicted resonant match between an electrically small
TMr-producing antenna, such as the dipole with all of its
associated driving circuits, and an ENG shell, as well as
between other types of antennas and the appropriate metama-
terials, are currently under investigation.
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FIG. 7. �Color online� The radiated power gain for an electri-
cally small electric dipole antenna located at the center of various
lossless ENG shells with inner radius r1=100 �m.

RECIPROCITY BETWEEN THE EFFECTS OF RESONANT… PHYSICAL REVIEW E 72, 036602 �2005�

036602-5


